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Anomayia—3anponoHoBaHa MaTeMATH4YHA Mozeb
JUHAMIKM ajacopOuii BKJIOYEHb Ha MOBEpPXHIO po3ainy a3

pinuHa-ra3 B mpoueci MoJekyJsipHoi audysii 3 meror0
BH3HAYeHHSl IX KOHNEHTpamii 3a KanISpPHO-NIOBEPXHEBHM
MeTOoI0M

Abstract—The mathematical model of the adsorption of
inclusions on the interface surface of the liquid-gas phase in the
process of molecular diffusion is proposed in order to determine
their concentration by capillary-surface method
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[IpobnemMu BU3HAYCHHS SKICHOTO Ta KIJBKICHOTO CKIIamy
PEUYOBMH  Ta  ONCPATHMBHOTO  KOHTPOJIO  HASBHOCTI
MIKpOBKIIIOYEHb y CEpEeNOBUILI MOXYTh OyTH BHpIillIeHI Ha
OCHOBI KamiJIsIpHO-TIOBepXHeBuX MmertoaiB [1]. YV ix ocHOBI
JISKUTh 3aJICKHICTh 3MIHM XapaKTEPUCTHK MOBEPXHI PO3MALTY
¢a3, y mpoueci ii QopmyBaHHs, Bix (Hi3UKO-XIMIUYHHX
BJIACTUBOCTEH KOHTakTyouux (as. [Ipu 1poMy, 3a paxyHOK
BHOIPKOBUX a7copOLIi HHO-TeCOpOIIIHHIX MIPOIIECIiB B
pe3ynpTaTti  MoONekydaspHoi  audy3ii,  CITiBBiAHOIIEHHS
KOHIICHTpAITi i KOHTPOJIbOBAHOTO KOMITOHEHTY y
MOBEPXHEBOMY Imapi i1 y oO'emHiii (a3i Moxe CcKIamatu
JEKiTbKa TOPSIOKIB, IO Ja€ MOXJIMBICT  BHUSABIATH
MiKpPOBKITIOUCHHS [ITYKAaHOTO KOMIIOHEHTY.

Mertomosoriuae oOIpyHTYBaHHS 3aIPOIIOHOBAHOTO METOY
moTpedye BCTAHOBJICHHS 3aJIKHOCTEH MDK SAKICHHUM 1

adsorption,
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KUIBKICHUM ~ CKJIAZIOM  KOHTPOJBOBAaHUX  BKIIOYEHb Y
CEpPEIOBHII Ta 3MIHOK XapaKTEPUCTHK MOBEPXHI po3aity ¢a3
pinmHa-ra3z. OpfHi€l0 3 TNPOMDKHMX 3ajgad, W0 MOTpedye
BUDIIIEHHS TIPU BCTAHOBJIEHHI IIYKaHUX 3aJIeKHOCTEH,
MOJIATae 'y BU3HAUCHHI BIATIOBIIHOCTEH MK KOHIICHTPAIIIEIO
BKIIIOYEHb Yy Ta30BOMY a00 piMHHOMY cepeloBUINaX, ix
HA/UTMIIKOBOIO KOHIIEHTpAIli€l0 Yy MOBEPXHEBOMY Iapi 1
JMMHAMIKOIO TMOBEPXHEBUX XapaKTEePUCTHUK. Bupimenus el
3a]a4i 3BOMUTHCS 10 MAaTEMAaTUYHOTO MOJICIIOBAHHS IPOLECY
afcopOIii Ha MOBEepXHI po3aity a3 y mporeci MOJEKYIISIPHOT
mudyzii.  JocmimkeHHs Mojened 1 CTPYKTYp IIOBEpXOHb
posnity a3 mpoBemeHi y pobotTi [2] marOTh OCHOBY IS
BU3HAYCHHS KBa3iKpaliOBUX YMOB ISl MOJICIIIOBaHHS TIPOIIECIB
MacoIepeHocy BKIIOYeHb 3 00°eMHOi (ha3u y IOBEpPXHEBUIA
map, a piBHAHHA [100ca — Jlrorema [3] mae MOXIJIUBICTB
BU3HAYUTH MTOBEPXHEBUI HaUTHIIIOK.

II. MOJEJFOBAHHS ITPOLIECY MACOITEPEHOCY

Mogenp IpencTaBisA€TbCs TIPAHUYHOIO 3aJadero  IpH
(hopMyBaHHI SIKOI BBOISITHCS HACTYITHI MPUITYILICHHS:

HAJXO/DKEHHST 1 BUJAJIEHHS pIAMHA € HE3HA4YHUM Y
TIOPiBHSIHHI 3 00’€MOM BOJIOWMHIIA, TOMY TPHITYCKAETHCS
JaMiHapHUH XapakTep Tedii;

HAJIXOJDKEHHS 1 BIATIK PiIMHHU BiOYBAa€ThCs B OOMEKEHHX
00JIacTsIX Ha TPaHHUIII BOJOHMHIIIA;

€ Bl TpaHWYHI TOBEPXHI KOHTAKTy DIJUHU: 3 JHOM
BojoiimMuIa - S1 i3 moBiTpsm - S2;

MIPUIYCKAETHCS, MO KoedilieHT MoneKysapHoi nudysii D
10 BCbOMY 00’ €MY € CTaJIOI0 BETUYHHOIO.

Skmo y neskii mpocTOpoBO-4acoBid Touwi (¥, y, z f)

TIO3HAYNTH KOMIIOHEHTH BEKTOpa MIBUAKOCTI pyXy pimunu V
no ocsix Ox, Oy, Oz 4yepes V., V,, Vz, a xoedimientn nudysii y



BiANOBIZHMX HampsMmKax dvepes D, D, D. Tomi HOTOKH
PEYOBMHH 3 KOHIIGHTpAIl€r c(x, y, z ) BH3HAYAIOTHCS
BHpa3aMu

oc oc oc
Ve-D —, Vc—-D —, V.c-D. —. (1)
y y V4 V4
ox oy 0z
BI/IXOI[,H'-II/I 3 3aKOHy 366pe)KeHHH Macu pe'-IOBI/IHI/I,
piBHHHHH 6aﬂchy HeKOHCCpBaTI/IBHO.l. pe'-IOBI/IHI/I, sgKa

PO3TIOBCIOIKYETHCS B PiTUHI, MOXHA MPEACTABUTH Y BHUIJIAMII
JdepeHniHOro piBHSHHI B YaCTKOBHX MOXiTHUX [4]:

=052 p) 2 (0% ).

o ox\_ “ox oy\ "oy 2)
0 oc

+—| D, —-V.c|+ ,V,2Z,1),
az(zaz zcj S (x,y,2,0)

ne fix, y, z, ) — QyHKLIs, IO ONKCYE IHTEHCUBHICTB JDKEperna
3a0pyIHEHB.

Jlns  BU3HAueHOCTi piBHSAHHSA (2) HEOOXiAHO 3ajaTH
MOYATKOBI Ta TPaHWUYHI YMOBH, SIKI [Tisl TAHOi 3aja4i MaroTh
BUTJISL

(X, ,2,4)) = €,(%, ¥, 2) 3)

TIOYATKOBUH (1=1)) PO3MOILI KOHIIEHTPALIT IT0 BCbOMY 00’ €MY;
=¢,(1) “)

KOHIICHTpAIlis BKJIIOYEHb Y BXIJHOMY MOTOIIl, 10 HAJIXOIAUTh
4yepe3 AUTTHKY TpaHuii Syy;
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c(x,y,z,t)

(x,y,2)eSy

0, )

(x,y,z)eSOUT

e n — HOpPMalb O JUISHKMA TPaHUIN dYepe3 SAKy piauHa
BUXOIUTH Sou7;

@
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@
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0, (6)

(x,y,2)€S, (x,y,2)eS,

n — 30BHILNIHA HOpMajb 1O IIOBEPXHI JIoXKa 1 J0 [3epKajia
BOJIONMH, Y BUTIAJIKY BiJICYTHOCTI HaJIXO/PKEHHSI BKIIFOUEHb.

[lpu mocTymsieHHI PEYOBMHH 3 30BHI 3aMiCTh PIBHOCTI
HYJII0 HOPMAJIBHIHM TIOX1IHIHM 3a1a€ThCS TOTIK PCUOBUHH, STKHIA
BU3HAYAETHCS PIBHICTIO:

—Vyc)+(D,ac—V,cJ+(D_&:—V_CH
E P PN

ne , v — HopMasbHa 10 S1 CKJIagoBa BEKTOpa IBUAKOCTI,
acd — KOHIEHTpaIlis 3a0pyIHIOI0YOI PCUYOBHHHL.

s

=cC,V,
X sl

(x,3,2)€S,

BBakaroui, mo y eJIeMEHTapHOMY 00 €eMi

G Jj k)
KOHIIGHTpAllisl BKIIOYEHb C; j k(l‘)e OIHAKOBOK BIJHOCHO

MPOCTOPOBUX KOOPAWHAT 1 TMIPEACTABISETHCS TOYKOK Yy
FCOMETPUYHOMY IIGHTpI eleMeHTapHoro Kkyba. (puc.l).
BekTopu MBUIKOCTI NPUTOKY 1 BIATOKY PiIMHA BU3HAYAIOTHCS
CKIafioBUMH V, V), V. NpUKnafieHuMHU 0 HEHTPY TpaHel Kyba

359

1 BIAMOBINAIOTH IIBUAKOCTAM CyCimHiX 10 (i, j, k) KOMIpOK,
3aBISKA YOMY B MOMAJIBIIOMY CIpPONIYETHCS 3aCTOCYBaHHS
IPaHUYHUX YMOB TIO IBUAKOCTI.
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Puc.1 Enementapuuii kyo

Kinbkicth pedoBHHHM, IO MPOXOAWUTH Yepe3 OIMHUIII0
TUTOLII 32 OIMHHUIIIO Yacy B HaNpsMKaxX KOOPJMHATHHUX OCeH y
PI3HMIIEBIH anpokcUMalli y3arajabHEeHOro 3akoHy Dyka Mae
BUTJISL

c...—C. ..
— i,j,k i-1,j,k
My =Cy Vi ju =D P )
, ©
C.... —C .
— i+1,/,k i,j.k
m ;= Ci+l,j,kVi+l,j,k -D P

y BUIAJIKY CKJIAJOBOi MAacOOOMiHY y HampsMKy Oci aOcIc
(PO3MIPHOCTI CKITAIOBHX PiBHAHHS: m — [ke/(M°C)], ¢ — [ke/m’],
V — [m/c], D — [m*/c], a — [m]. CriBBimHOLICHHS MACOOOMIHY Y

HampsIMKax IHIIUX Ocel KoOpauHaT M m

JLj 2 L

mkfl’k s mk’k 41 MarOTbh aHAJIOTTYHUH BUTTIAL.

Jns  crpomieHHS pO3B’S3Ky, Ta 3MEHIIEHHS 00’eMy
BUKJIAJIOK IIPYU LIIOCTpALii 3aIIpOIIOHOBAHOTO METOY JOLIIBHO
PO3TIISTHYTH OJHOMIpHHI BapiaHT piBHSIHHS (2)

B 3aranpHOMYy mporiec MacorepeHocy 3 00’eMHOi ¢asu y
TIOBEPXHEBHH IIap 32 PaXyHOK MOJIEKYISPHOI Anudy3ii MOKHA
OITUCATH OJITHOMIPHUM DPiBHSHHSM qudy3ii [4]:

oc(x,t) D o’c(x,t)

(10)
ot ox?
3 HaCTyHHI/IMI/I IIOYaTKOBUMHU 1 I’paHI/I'-IHI/IMI/I yMOBaMI/IZ
c(x0)=cy,
c(00)=c,, cdx)=cy, 1D
x#0, :



| Gelx)
ot

:DM (12)

x=0

ae c(x,t)- byHKUis 3MiHH y IpocTopi i daci KOHLEHTpamii

BKIJIIOUEHb y 00’eMHilf (ha3i, C, - MOYaTKOBa KOHLEHTpAIlis

BKJIIOYEHb y 00’eMHil ¢a3i, X,f - mpocTopoBa i dwacosa

KOOpAWHAaTH, MpUBECACHA IOYaTKOBa KOHHCHTpaIliH

BKIIIOYEHb Yy TIOBepXHeBoMy Imapi, D - KoedilieHT
MoJIeKyJsipHOl andy3ii y HampsmMKy X y o0’emHii dasi, A -
TOBIIMHA MMOBEPXHEBOTO HIapy. [Ipuuomy mij KOHLIEHTpAI€
PO3YMIETBCSL KUIBKICTh PEUOBMHM HAa OAMHHIO JIOBKUHHU
(Monp/M). PiBasnHa (12) OMHCYE TPOLEC HAKOMHYCHHS
BKIIIOUYEHb Yy TIIOBEPXHEBOMY INapi, SKHH MOXE MaTH SK
JOAATHIM Tak 1 BiA’€MHHH TPUPICT B 3aIEKHOCTI BiJ
CHiBBITHOIIIEHHSI [TOYaTKOBUX KOHIIEHTpalii y 00’ eMHil dasi i
MIOBEPXHEBOMY IIapi.

Cf-

[Micns  ampokcumarlii  pi3HULEBUMH  PIBHSHHAMH 10
MPOCTOPOBIli KOOPIWHATI 1 TpHBENeHHS 10 0e3po3MipHOL
¢dopmu 3rigHo [5] piBasanns (10) — (12) 3anumnyTbes y BUIIISAL

4O e,y )-26))i=1 1 03
%%2 “K Oyre ) a4

" e 4* 2
Je O - kpok mpoctoposoi muckpermsauii, ¢ =1/(a” /D) -
Ge3po3mipHuii c*(t)=c(t)/p-  Oesposmipna
KOHIIEHTpallisd (KOHLEHTpalis @pHBeAeHa 10 TI'yCTUHU
PO3YMHHHKA), L .- KUTBKICTh KPOKIB IMCKpETH3ALIil.

Jlns  MopnenroBaHHS — Tpajli€eHTa  KOHIEHTpalid  Mik
00’eMHOI0 (a30i0 1 TOBEPXHEBUM IMIAPOM  ITPOMOHYETHCS
HACTYIIHE TPHITYIIEHHS: TaK K KOHIEHTpallist y 00’ eMHiil ¢asi
i IOBEPXHEBOMY I1api B IOYATKOBUI MOMEHT Yacy OIHAKOBI, a
B  pe3yapTaTi  anmcopOmii Mae  Miclle  HAaKOIMYCHHS

MOBEPXHCBOI'0 HAUIMIIKY Ha BEJINYHUHY 5 , MOXXHa YMOBHO

yac,

. *
3MIHUTH TOBIIMHY MOBEPXHEBOIO WIAPy 10 BenmuunHn A Tak,
mo0 MPUPICT  KUIBKICTh  PEYOBHHU o BiAIIOBIIaB
BCTaHOBJICHHIO y IOBEPXHEBOMY Ilapi KOHIIEHTpALil piBHiH
00’ eMHil, TOOTO

* * 5 —C A
N

CyA —cyA=8 260 A =" N2
Cn

Buxojstun 3 6ajaHCy KiNBKOCTI PEYOBHHH B TOYATKOBHMA

(15)

. *
MOMEHT 4Yacy y Iapax 3 TOBIMHOI A i A MokHa 3ammcatu
*
CuA =CNA, e C,
mapi B TOYaTKOBMHA MOMEHT 4acy 1 sKa 3a/Ja€ TpajieHT
KOHIICHTpAIIil, 3BiIKH:

- ysdBHa KOHHCHTpaHiH Yy MOBEPXHCBOMY

(16)
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Jns  cnpolneHHss OOYHCIEHb JOLIIBHO B3SATH  KPOK
MIPOCTOPOBOI TUCKPETH3alil PIBHUH TOBIIMHI ITOBEPXHEBOTO

mapy, To610 ¢ = A, Toni piBHsAHH# (14) Gy/e MaTH BULTIS:

de; o x £
;OTY):%[(C, (1) +cy(t ))]

@aktuuHo piBasiHHA (13), (17) € cucremoro 3BHYAHUX
JMHIAHUX TudepeHniiHuX PiBHSHb, SIKI MOXKHA IPEICTABUTH
SIK piBHHHHH 3MIHHUX CTaHy [5] y craHmapTHiA q)ole B3sBum
y SKOCTI 3MIHHUX CTaHy (YHKIIi KOHLEHTpAIii y BY3JIOBHX

¢, (0)=c,.(17)

Toukax C; (t )i mo3HAYMBIIH iX CYKYIHICTh BEKTOPOM

) =(c () e @) -c, @) ). (18)
i BiAnoBigHO —— (t ) C( ):
dar dt dt

piBasHHs (13), (17) y MaTpuuHiii ¢popmi Oyzne MaTH BUTIISAL
CH=A-C(t")+B-U({"),

IO BIJTIOBiIa€ PIiBHSHHIO CTaHy Yy CTaHOAapTHIH Qopwmi, npu
MOYaTKOBUXYMOBAX:

C(0)=(c(0), &5 (0), -, c;,(0) )

* * *
Kpaitosy ymosu C, (t )ZCN MOXKHa TIPEACTaBUTH SIK

(20)

21)

JIOAATKOBUH BIUTUB y KpaiHIX TOYKax iHTepBaly L , BBIBIIM 1X
y BEKTOp BXi/IHOTO BIUIUBY pHC.2.
*
u(') = (0,0, ...,

0,cy)" 22)

-------- e J— v

co®) la® le® e |
A

»

A

<&

A

& <& » »

Puc.2 — Ctpykrypa B3aeMozil 3MiHHHX CTaHy

Y nanomy Bumanky B - Lx1 matpuns koedimieHTiB
BXIJTHOTO BIUIMBY a A - TphOX AiaroHanpHa [ X[ MaTpuis
Koe(illieHTIB 3MIHHUX:



A A 0 0 0 0
T Tx e
A A
1 -2 1 0o 0 0
A 0 1 -2 0 0 0
0 0 0 -2 1 0
0 0 0 1 -2 1
0 0 0 1 -2
B=(0,0,...,1)" (23)
IIporiec  po3B’ssky  cucremu  (11)  momsrae B
HacTynmHoMY[6]:
1. BU3HAYAETHCSA MMEPEXiTHa MATPHIIS CTAHY
®(t,7)=exp[A(t—1)], (24)

IS YOr0 HEOOXIIHO:

1.1 3HafiTM BIACHI YHMCIIAa MATPUIl A IIITXOMPO3B’ 3Ky
XapaKTEPUCTUIHOTO PiBHSIHHSL:

det(A -2 -E)=0, (25)

1.2 3HaliTu BiIACHI BEKTOPH f U BCIX IUIAXOM

PO3B’SI3KY PiBHSHHSL:

(A-A,-E)-& =0, (26)
1.3 mnoOyayBaTH MaTpPUIIO BIACHUX BEKTOPIB S:
S — 5] 51—] 51 (27)

\ L)

1.4 moOymyBaTH mepexijaHy MaTPHIIIO CTaHY:

®D(+")=Sx diag(exp(ﬂqt*), s exp(/llt*))x S™.28)

2 Hlykana ¢ynxuis C(¢)3HaXOOUTHCA 3 CIiBBITHONIECHHS:

t
C(6) = ®(1,4,) x C(t,) + [ ®(t,7) x B(z) x U(r)d (1) (29)
l
abo mpu aUcKpeTH3auil mo 4acy 3 iHTepBasioM 7, (yHKIIis
C(k+1), mo BimgmoBimae MomeHty wacy (k+1)7,
BU3HAYAETHCS 3 CITiBBiTHOIICHHS:

C(k+1)=FxC(k)+GxU(k), (30)

T
F = exp(A-T),GZIeXp(A-G)XBdG. (31
0

BUCHOBKHI

Ha puc 3 nHaBeneHa rpadiyHa 3aJIeKHICTH amcopOIli Ha
MOBEepXHI po3aily (a3 y BUIVIAAI 3MIHHM KOHIICHTpaii
KOMITOHEHTa y TIOBEPXHEBOMY Ilapi, Ha pUC. 4 HaBeICHWI
npukiIaa rpadiuHuX 3aJeKHOCTEH 3MIHH KOHICHTpalii y
BY3JIOBHX TOUYKax B MPOIEC ajcopOllii Ha MOBEPXHI PO3JIUTY
(a3 oTpuMaHi HUIIXOM pO3B’sI3Ky piBHsHHA craHy (20) 3a
anroputMoM (24) — (28), (30), (31).
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0.5
0.4
0.3
0.2
0.1

—

Cx)

0 12 24 36 48 60 72° 84 96

k-T

Puc. 3 — Kpusa ancop6uii

30 36 42 48 54

kT

60 6 72 78

Puc.4 — 3miHu KOHILEHTpALiT y BY3JIOBMX TOYKAX B IpoLieci aacopouii

3anpornoHoBaHa MaTeMaTHYHa MOJEIb IPOIeCcy ancopOrii
BKIIIOUEHb Ha IIOBEPXHIO po31ily (a3 piguHa-ras, a TaKoXK
3BEJCHHS CHUCTEMH JIU(EPEHIIHHUX pIBHSHb Y YaCTKOBHX
MOXITHUX JIO PIBHSHHS CTaHy y CTaHIapTHIN ¢opmi nano
MOXIIUBICTh OTPHMATH IIBUIKHHA aJTOPUTM BHU3HAYCHHS
JIMHAMIKH Tpoliecy azncopOuii, sika Oe3nocepesHbo 3B°s13aHa 3
3MIHOIO XapaKTEPUCTUK TOBEPXHI po3finy (a3 (moBepxHeBHit
HATAT, TIOBEpXHEBHH TOTeHLias Ta iH.).TakuM 4YHWHOM
OTpUMaHi pe3ylIbTaTH MOXKYTh OYTH BUKOPUCTaHI JU1sl 00pOOKH
pe3yJbTaTIiB BUMIPIOBaHHS NPHU PO3POOLI 1HTENEKTyaIbHOTO
MIPUCTPOIO 71l BU3HAYEHHS SIKICHOTO 1 KiJIbKICHOTO PEuOBUH
Ta OIEPATUBHOIO KOHTPOJIO HAsBHOCTI MIKpPOBKIIIOYEHb Yy
CEepPEeIOBHIII.
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