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Anomauyia—Yy naHiii po0OTi HABeJeHO CIIBBiAHOLICHHS JIsI
INBUJAKOIO0 3HAXOIKEHHSI Barn XeMMiHra o0e¢pHEHHUX BiJJHOCHO
onepauii A00aBaHHSA Yuces 32 MOLYJIeM 0COOIMBOr0 BUY, a caMe
ynciaa MepcenHa, uyuciaa Kpengeaia ta y3arajJbHeHOro 4ucia
Mepcenna.

Abstract—This paper shows relations for the fast finding of
Hamming weight of additive-inverse numbers modulo a special
form, namely a Mersenne number, a Crandall number and
generalized Mersenne number.
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L

Uucna crerianbHOi (HOPMH YacTO TO3BOJISIOTH IIBHJIIEC
BUKOHYBaTH apu(MeTH4Hi onepamii 3a moxyneM. Lle mmpoko
BUKOPHCTOBYETBCS ISl TPAKTUYHHUX LIIEH 1 MOSICHIOE BEJHKY
KUIBKICTh JIOCII/DKEHb IIBUIIKOI CIIEliaNbHOI apupMeTHKku. Y
JaHiil poOOTI PO3MIAHYTO CIIOCOOM MIBHIKOTO 3HAXOKCHHS
Baru XeMMiHra oOepHEHUX YHCENl 32 MOJIYJeM YHucia Pi3HHUX
crerianbHuX (GopM.

Bceryn
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II.  CHIBBIZHOLLUEHHS JUIs1 BATM XEMMIHI'A OBEPHEHU X

YNMCEJI 3A CIIEHIAJIBHUMU BUJJAMU MOYJIIB

A. Yucna Mepcenna

Uucna MepceHHA € OAHMM 3 HAHOLIBII BIJIOMHX THIIB
MPOCTHX YHCEN, SIKMH JOCIHIPKYBaBCS MaTeMaTHKaMH IIE 3
XVllcromitrs, amKe HaHi YHCIABOJOMIIOTH  OaraThbMa
BJIACTHBOCTAMH. Bigomo, mo uucna Mepcenna M,=2"-1
JIO3BOJISIFOTH MIBUAKO PEATi30BYBATH OOYUCICHHS PEOYKIIi 3a
JTAHUM MOJIYJIEM, OCKUIBKH TPYAOMICTKI orepariii (MHOXKEHHS,
JIIEHHST) 32 MOIyJieM uucia MepceHHa MOXKIIMBO 3aMiHUTH Ha
3BUUaiiHe nomasanHs [2]. Hampuknan, Hexal x - qesike 4uclo,
B TaKOMy BHUNAIKy /s 3HAXOMKEHHsxmodM, IOCTaTHBO
MIPEJICTaBUTH YUCIIOX y Bugix=T-2"+U, TOxI
x=T+U(mod M,). lle BunnuBae 3 BJIACTUBOCTEH YHUCEN

MepcenHa, a came 3 (QakTy, 0 MHOYKCHHS Ha CTCIiHb IBIAKA
3a MOJyJIeM uucia MepceHHa € MUKIIIYHIM 3cyBoM [1].

BaroroXemMiHrazn-0iTOBOrOYHCIIaASHA3UBAETHCS
KUIBbKICTROAMHUIG Yy  IBIMKOBOMY  3amuci  yucna i
nmo3HavyaeTsCsiHam(s). BimoMo HaCTyIHE CHIBBITHOIICHHS VIS
Bard XeMMiHIra o0OepHEeHOro 3a MoayJieM yucia Mepcenna [1]:

Jema  1.JIna  posinpmoro  umcnad e {0,1}",A#0"
MonyasaM,=2"-1 BUKOHYEThCS:
Ham(—Amod M ,)) =n—Ham(A4),

Ta



ne-A - obepHeHe 3a omepaii€ro AomaBaHHS 4ucio 10 A 3a
MOJyJieM 4ucia MepceHHa.

CHiBBiHOMICHHSA JUIsI Bark XeMMIiHTa JUIsi OOCpHEHHX
4yucenl 3a JEIKAM MOJIYJEM CIIPOIIYIOTh OOYHCIIEHHS,
YHUKAIOUM HEOOXIJHICTh 3HaXOIKEHHS CaMOro OOEpHEHOro,
OTKe, IPUIIBUIIIYIOYM BUKOHaHHs onepauiii. [IpencraBnena
y nemi 1 piBHICTh BHKOPHCTOBYETHCS IIpU po3MH(pyBaHHI
noBiomiieHHs1 y kpunrocucremi AJPS [1], sika € xaHmumarom
y TOCTKBAHTOBI KpHNTOrpadiuHi ajropuTMH 3 BiJKPUTHM
KIoueM y pamkax koukypcy NIST [6].

Uucna MepceHHa MaroTh  Oarato  mepeBar — Juis
3acTocyBaHHs y Kkpunrtorpadii Ta IHIIMX NPUKIAIHAX
00J51acTsIX 3 BUKOPUCTaHHSIM Onepaniil y Kinbli qumkiB. Yacto
y TPaKTHYHUX IIJISX BHKOPHUCTOBYIOTHCS MPOCTI YHCia, a
cepen uncenn MepceHHA Ha JaHUM MOMEHT BimoMo Jwmiie 50
MIPOCTHX YHCEN, 3 HUX JIUIIE JJIsl IePUINX 46-TH BCTaHOBJICHO
TOYHI mMOpsAAKOBI HoMepa. CamMe TOMy € MOTHBAIS
JOCHI/DKYBAaTH Pi3HI BUAM Y3arajbHEHb JaHUX YHUCENl Ta
LIYKAaTH CXOXI BIACTUBOCTI VISl HUX.

B. Vzacanvueni uucna Mepcenna

V3aranpHeHUM YHCIOM MepceHHa Ha3MBA€ETHCS YHUCIIO
Buny p=f(2"), ne N, nef - Hecknaauuii moiainoM. Hampuknan,
Hexaiif(t)=r'-t+1, Toni ysarampHeHe umcio MepceHHa Gyze
MaTH BUrIAnp=2"-2"+1, neN, a pe3ynbTaTOM peayKuii
IIJIOro 4ucia 3a MoAyiaeMpOyayTh 3n-0iTOBi Iimi ymcna [3].
OCKIiJIbKM JIAHWH THUI YKUCEN € y3arajJbHEHHAM HaJ YUCIaMHU
MepceHHa, TO, OYCBHIHO, IO BIiH € 3HAYHO OLIBIIAM Ta
MICTHTbH O1JIbIIIE TPOCTHX YUCEI.

s y3aranpHeHHX uyucen MepceHHa TakoX iCHYe crocio
HIBHAKOI penykuii 3a moxyseM [3]. Jlanuii crioci® mMae miHiiHY
ckmagnicte. KpiM Toro, mpu cremianbHO —miAiOpaHMX
napamerpax peIyKIio 3a MOIYJIEeM Yy3arajJbHEHOro 4YHcia
MepceHHa MO)XHa 3poOWTH e Ounbll edekTHBHOWO, ane y
TAKOMY BHIAJKy KUIbKICTh MPOCTHX YHCENT TaKOro BHIY
MeHma. TakoX iCHye METOA MHIBHAKOTO MHOXEHHS 32
MOJYJIEM JaHOTO KJIACy YHCEJI, IO TMPAIfO€ BABIYI IIBHIIEC,
Hi)K MHOXCHHS 3a MOAyJeM 3BHuaiiHoro umcna [5]. Ille
OJTHI€IO TIEPEBArol0 y3aralbHEHHS € Te, IO orepallii peayKiii
Ta MHOXEHHS MOXXHA JIETKO PO3MapalieNlfoBaTH, 110 POOUTH
apU(QMETHKY 3a JaHUM MOJIYJIEM MPOCTILIOK JJIS amapaTHol
peaitizaii.

CHiBBIIHOMICHHSA JJI1 Bard XeMMiHra OOCPHEHOro 3a
MOJYJIEM Yy3arajibHEHOro umcia MepceHHa HAaBOMUTHCA Y
HACTYITHIH TeopeMi.

Teopema 1.Hexait GM,, ,,- y3arajJbHeHe 4uciio MepceHHa BUILy

2"-2"-] T1a A- n-0iTOBE 4YHCIO, TOOTO A=a, ;a,.;...a;ay,

a, €{0,1},i=0,n—1.Tomi BUKOHYETbCS:

1) Sxwo Oita, =0, TO BAKOHY€ETHCS CITiBB1THOILICHHS:
Ham(-AmodGM,,, )=n—1-Ham(A4).

2) VY Bumaaky a,=I morpiOHO mnpencraButu uyucio A y

BUrIAdl A=h, || h, || h;, D€

o |hsl=m, TOOTON;=a). 101 2...a;a0- h3BKIIOUAE

Moo/ mOITiB ynciiad;
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h,=a.a,_,...a,_ a, 1€

k=min{fa,=0la, =1m< j<if, TOOTO

h;BKITIOYAaE y cebe OITH MOYMHAIOYH 3 @, Ta JI0
MEpIIOr0 HYJs, SIKHMHA 3YCTPIHETHCS MIiCIsd,,,
BKJIFOYHO;

h;=a,.,a,;...a;, A¢ k - 1HOEKC 3 MHUHYJIOrO
nyHkTy. Ilo3naummolh;|=I, ToOTOh; MicTuth [
0iTiB.

Topni cniBBiHOIIEHHS [T 00epHEHOT0 Oy/ie HACTYITHUM:
Ham(—AmodGM,,,, ) =
=[—Ham(h, )+ Ham(h, )+ m— Ham(h;)

Hosedenns:Binznaunmo, o Mmoayins2"-2"-1 Mae HaCTYIHUHI
BUTJISIN Y BilikoBoMYy 3amuci:/ /... 1011 ... ], npuuomy came m-
1 6it gopiBHroe(. [ToTpiOHO, MarOUX YUCTIOA, 3HAUTH TaKe
uucioB e {0,1}", mo A+B=0 modGM,, ,, Toi B sixpa3 i Oyme
ob6epHeHUM 104, T00T0 B=-AmodGM,, ,,. Cnif 3ayBaXkuTH, 1110
MoTpiOHO nrykatu take B, moAd +B=GM, ,,, OCKIJIbKH 32
ymoBowA e {0,1}", To6to BunanokAd +B=c-GM, ,,, nec>1-
Jiesika KOHCTaHTa, OTPUMAaTH HEMOXKITHBO. BBeeMo HacTymHi
MO3HAYCHHS:

A=a, ,a,,...qa,..a,a,

B=b, b, ,..b,..bb,

n—1I

M, = 80182+ 8n -+ 8180
ne a,,b,g, €{01}i=0n-1.Bigomo, mo g,k =0, a inmi
oitu - 1, 100T0 GM,, =11...101...11. TloTpi6HO 3HANTH b,

1O BiJOMMM 3HAUEHHAM a,,i=0,n—1, TOAI MOXHa Oyne
MO0AYNTH 3aJICKHICTh Bard XeMMiHra 0OEpHEHOr0 YHcia Bij
Baru camoro A.

1) SAxmo a, =0, To 3HaueHHs b, OyMyTh HACTYIHi:

b, =0
b=1-a, Vi#m
[Ilo6 mepeBipUTH MPABWILHICTE JAHOTO TBEPHKCHHS,

NOMITHMO, IO Il Toro, mod B =—Amod GM,,,, HeobXiaHo

BUKOHAHHSI PIBHOCTI:

a, a, Apri a, Apg a; a
+ bn—] bn—Z bm+1 bm bm—] bl b()

1 1 1 0 1 1 1
Ilincrapnsioun 3Ha4eHHsA b, 6auMMO, LIO LE AifcCHO
BUKOHYETHCA:

an—] an—Z am+1 0 am—] al a()
1- an—] 1- an—Z 1- am+1 0 1- am—] 1- a; 1- a()
1 1 1 0 1 1 1

TakuM dYWMHOM, Yy JAQHOMY BHIAAKY I 3HAXOIKCHHS
00epHEHOro MOTPIOHO yci OiTH, OKpiM m-ro, 3aMIHHTH Ha
NPOTWIEXKHI, a m-i Oir 3amummra Oe3 3miH. Toxai Bara
Xemminra obeprenoro, To6to Ham(—AmodGM,, ) Oyne
piBHan-Ham(A)-1, ne n BiANOBiIa€ MaKCHUMaJIbHO MOMKITHBIH

Ba3i 7n-0ITOBOrO BEKTOPY, a BiJHIMalO4u [ BpPaXOBYETHCS
HEe3MIHHUIA m-1 OIT.



2)Y Bumaiky a, =/ pi3HHIA 3 TONEPEJHIM BUIAJKOM Y
TOMY, IO AJI OTpUMaHHs g, =0 moTpibHO mob b, =1, a ue

yTBOpIOE OiT mepeHocy Ha crapui Oitu. Ile 1 oOymoBiIOE
PO3[IiNIeHHs ABIMKOBOTO 3aIMCy YKCIa HA TPH YaCTUHH, TOOTO
A=h,||hy||h;. Tomi Bary Xemmiara 4  MoOXHa
OpeacTaBuTd K cymy  Ham(h, )+ Ham(h, )+ Ham(h; )
B=-Amod GM,, =h, || h, || h;. Tomi h;
Oyle 3HAXOIUTHCHh AHAJOTIYHO IMYHKTY 1), 3aMiHIOIOYH BCi
0itn h; Ha MIPOTUIIEXKHI. OueBuaHO, 10

Ham(h, ) =m— Ham(h,).

Haiimonoammii 6it uyucnma h,, TobTOoa, =1, i, Ak Oymo

Jlo3naunmo

CKa3aHo paHime, b =1, a oTxe OiT IepeHoCy NepexXoauTh Ha
crapumi 6iT a,,,. MOXJIUBI JBa BUNIAJKH:

L4 a

m

., =0, 1omi, ockineku g, ., =1,b,.,=0;
e g,,=1 -y TakoMy BUNAJKy, BPaXxOBYIOUH, IO
gy =1, MaeMo b ., =1 i 3HOBY OTpHMYeMO OiT
MepeHocy, TOOTO BHKOHYEMO aHAJOTIuHI i s
am+2'

Baunmo, mo OiT mepeHocy Oyie 3’SBISATUCH HAa KOXXHOMY
KpOIli, @K IOKW Y IOCTIIOBHOCTI OIT He 3ycTpiHeThCs ().
Came ToMy uacTuHa h, BKIIoyae B cebe OiTH Bix a, 10

MEPIIOro HYNsI, SKMHA 3YCTPIHEThCA y mociigoBHOCTI. Cix
3a3HAYUTH, MO () TOYHO Oynme, OCKIIBKH PO3TIIAAAOTHCS

ypcjga MeEHIN 33 MOAYJIb GM"vm. bauumo, mo npu

3HAXOKEHHI hz OiTu h, He 3MiHIOBANUCH (AKILO a,, =0,
T0 b, =0,1saxkmo a,, =1,T01 b, =1,10 ceN -
Jesika KOHCTaHTa), a ovke Ham(h, )= Ham(h, ).
YacTuHa /i, MOBUHHA OyTH TakKoo, 00 Pe3yIbTaT CyMH 3a
MoxyneM 2 3 h, OyB []...]. AHaJoOri4yHO 1O MHONEpEaHiX
pe3yabTaTiB, /i, OTPUMYEThCS LUIAXOM 3aMiHM OiTiB /1, Ha
NPOTHICKHI. Y TakOMy BHIIAAKY, SKIIO |h ,| =/, TO
Ham(h, )=1—Ham(h, ).
VY3aranpHIOIOUU OTpUMaHi pe3yJIbTaTH, MAEMO:
Ham(—-AmodGM,, ,, ) =
= Ham(B) = Ham(h, )+ Ham(h, )+ Ham(h, ) =
=[—Ham(h, )+ Ham(h, )+ m— Ham(h; ),
110 i Tpeda OyJ10 JOBECTH.

C. Yucna Kpenoenna
Ile

uncnaKpengenna suny CR, =2" —¢, ne c € N. OueBuano,

OJJHUM y3arajJjbHCHHAM qucemn MepceHHa €

0 NpU ¢ = ] OTpUMYyeEMO KiacuuHi umcna MepceHHa [4].
Penykuist 3a MoaysieM LOrO KJIacy YHCEN € TaKoX Habararo
IIBUIIION, 1 OOYHMCITIOETHCS HACTYITHUM YHUHOM [5]:

x=(xmod2")- c{z—iJ(mod CR,)
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Hactymaa TeopeMa AEMOHCTPYE CIOCIO 3HAXOMKCHHS Baru
XemMinra obepHeHoro 3a MoayineM urcia Kpennenia.
Teopema 2.Hexait CR, - uncno Kpennenna, TOOTO YUCIO BUAY

2" —c,ne ce N - Ieska KOHCTaHTa, Ta 4 - n-0ITOBE YKCIIO,

TOOTO A=a,,a,,...a,a,, a, €{01}i=0,n-1.
IMosHaunmo  momynp 4K CR,=7r,_ 1, 5...1hF, Ta
B=—-Amod CR, =b, b, ,...b,b, - obepHene 1o 4 4YucIo,

ae r,b, €{0,1},i=0,n—1. Toni Bara XeMMiHra o0GepHEHOTO
1o A4 3zamonynem CR, (To0TO Bara B') Oyae 00YMCIIOBATUCE

HACTYITHUM YWHOM:

1) Skmo 4gwmcio MEHILIE 3a YHCIO

A1og, 1+ 4140
Miogs b1+ TiTy » TO:

Ham(—Amod CR,)=n —(logz c—|— Ham(h, )+ Ham(h, ),
ae A=h,||h,, npudomy h, - MoroImI |_log2 c—\ 0iTiB YHncna
A; B=—Amod CR, = h, || h;, aHAIOTIYHO /) - L€ MOMOILI
|_10g 5 c-‘ OiTiB uncna B.

2) SIkmo K 9MCIO ap, 1,..-d,a, € OUIBIIAM 3a YHCIO

Miogsel1 - TiTy » TO:
Ham(—-Amod CR, ) =
=n- (logz c—‘—|h2| — Ham(h, )+ Ham(h, )+ Ham(h; ),
ne A=h,||h,||h;, npudoMy h, - MomomuIi |_log2 c_‘ 0iTiB
uyucna A4; h, BKIIodae y cebe OiTH yucna 4 NOYMHAIOUM 3
|_log2 c_‘ 0iTy Ta JI0 MEPIIOrO HYJSA, SIKHHA 3YCTPIHETHCS MiCIIs
hl

crapmi 0iTH, WO 3aJHIIWINCH, TOOTO

a(logz n1 >

h =a,,a,,..a,, ne a,, - crapumii Gith,; |h,| -

w? w—1
KiNpKicTb OiTiB y uucIHi A, .

Hosedenns: Cnin 3ayBaxxutu, mo Moxynb CR, Mae BUIIIAN
111...11*...*, ne mig cuMBojioM * po3ymieTbes abo (), abo
] B 3aJIOKHOCTI Bijl 3HAYCHHS KOHCTaHTU c. KiJIBbKICTh TaKuX
HEOJHO3HAYHO BU3HAYCHHUX OITIB MOXKHA  OOMEXHTHU
3HAYCHHAM |_log 5 c-‘. st Toro, mo6 B OyB oOepHEHUM 110 A
3a momyneM CR, HeoOXiZHO 100 BMKOHYBAJOCh HACTYIIHE.
OCKIUIBKY 3HAYEHHs Miog,elr - TiTy HE (ikcoBaHi, TpHUOMY
BiJ HHUX psIMO 3aJIeXkaTh 3HAYEHHS
Bliog, 1-1+P1og,e1-25+--»D; by » TO Bara XemMinra umcina B Oyne

. * .
sanexxatu BinHam(h, ), s OOYMCICHHSA SKOTO IOTPIOHO

BUpaxyBaTu 3HAYEHHA bmgz J-/’b(zogzﬂ-zw-’b/’bo Ta 3HAUTHU
KIJIBKICTH OJUHHITH cepen HHX. 3HavYeHHs
Bling. e1-1-Blig, 125+ b1,y O00YHCTIOIOTHCS HACTYITHUM
YUHOM:
b, =(ry+a,)mod?2
1, a_,+b_,+x_,>1
b, =(r,+a,+x;,)mod2, x,= ) ,
0, inaxue.

i=1llog,c|-1, x,=0.



Toni MoXHAa 3HAWTH KUTBKICTh OTUHHII CEpel |_log2 c_‘

MOJIOAMIUX OITiB YKCIaB, MO3HAYUMO L€ 3HAYCHHS SKZ.

1) OueBumHO, IO AKMOB = -AmodCR,, =h;||h;",mo
Ham(B)=Ham(h,")+Ham(h,"). Y nanomysunaaxyHam(h,")=z.
BaJIMBOIOYMOBOIOETE, WOYHCIIO af,, 1 -+ ,@,

MEHILIE3AYHCIIO 77, ) -+ 1)1

YTAaKOM YBHITaIKYTIPHIOAABAHHI CTAPIINXGiTiBA, Tak,HEBUHHIK
aebiTymepeHocy,
AKMIHOMMABBPAXOBYBATHCHIIPUI0IABAHHIMONIOAMXOiTiBA, Ta
hi,

A0T)KE3HAUYECHH/ *MaJ'IOGI/ISMiHI/ITI/ICI)I[J'IHBI/IKOHaHHHyMOBI/IA +

B=0 mod CR,. OCKiJTBKHOITYTIEpEHOCYHEMAE,
tomaemoh;+h; =11...1,toxi Ham(h;")=|h,|-Ham(h,).
Ockinbkud-  n-Gitoe wncno, a  |n,|=[log,c], 10

|h,| = n—[log, ¢|. Toni maemo:
Ham(—Amod CR, ) = Ham(B) = Ham(h, )+ Ham(h, ) =
=n—|log,c |- Ham(h, )+ Ham(h,)
2) AHasori4Ho, Ko B = —Amod CR, = h, || h, || h;, TO
Ham(B) = Ham(h, )+ Ham(h, )+ Ham(h; ) .
Y nanomy Buniagky Ham(h; )= z. OCKiNbKH ap,, 1 ,...a,a,
€ OnplmuM 3a 711, 7, ...7;%,, TO TPH JOJABaHHI CTApIIMX

o . * 5 .
0iTiB/; Ta h; 3’SABIAETHCA OIT MepeHoCy. BpaxoByrouun Te, 110
. 9
PP oo Miogy ] = 111 0iT mepeHocy Oyze 3’SIBIATHCH Ha

KO)KHOMY KpOIIi J0 TOrO MOMEHTY, K yA 3ycTpiHerbcsil -
TaKUM YHHOM YTBOPIOETHCS YacTHHa/,. 3pO3yMislo, IO Ha
TO3UIIIsIXE, nea;=1, Oyneb;=1, a mpu mepuri 3ycTpidi HyIs,
MMO3HaYUMO Woroa,=(0, Oyne ib,=0. Maemo piBHICTB/,=h; .
OTxe, Bara Xemminra HE 3MIHIOETECS:
Ham(h, )=Ham(h;).Ham(h; )OTpUMYETbCS AHAJIOTIYHO SK Yy
JIOBE/ICHHI MIYHKTY 1), TOOTO:
Ham(h,)=|h,|- Ham(h, ) =n—t—1—-Ham(h, ).
[lizcymoByr0UYM OTpUMaHe, MaEMO:
Ham(—-Amod CR, )= Ham(B) =
= Ham(h, )+ Ham(h, )+ Ham(h; ) =
=|h1|—Ham(h])+Ham(h2)+Ham(h;)=
=n—(log2 c—‘—|h2|—Ham(h1)+Ham(h2)+Ham(h; )

10 1 MOTPiOHO OYJI0 TOBECTH.

Baxano, mo0 g 3HAXOUKEHHS Bard XeMMiHra
o0epHEHOr0 HE TOTPIOHO OyJa0 3HAXOMUTH came Horo
3HAQYEHHs, 16 3HAYHO NPHIIBUALINTH OOYUCIEHHS Ha
MPAKTHUIl, [0 MOXKHA TOMITHTH Ha MPHKIAIl peaizarii
kpurnirocucteMu AJPS, ne BHKOPHCTOBYETHCS PIBHICTH IS
Barn XeMMiHra OOEpHEHOroyucia 3a MOIYIeM 4YHcia
Mepcenna. Ockinbku B Teopemi 2 Juisi OOYMCIIEHHS Baru
XemminraHam(-AmodCR,) 1OTpiOHO 3HAWTH  3HAYCHHS
MOJIOIIIINX |_log2 n-‘ oitiB uncna-AmodCR,, 10 crpobyemMo
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OLIHUTH Bary XeMMiHra Tak, 00 YHUKHYTH OOYHCIICHHS
00epHEHOTO.

Teopema 3.Hexait CR, - uucno Kpennemra, A-n-0iToBe
yncio,B=-4AmodCR, - odbepaene 10 A uucno. Tomi st Baru
XemMiHra oOepHeHOro wuuciaa A0 A 33 MOmyJleM
CR,BUKOHY€ETbCS HACTYIIHE:

1) Slkmo wucno ar,, 1,...a,a, MCHIIE 33 11, 4, ...r1, , TO:

n —|_10g2 c-‘—Ham(h,) < Ham(—-Amod CR, )< n— Ham(h, ),
neA=h;||h,, npuaomMy h, - MOITOIII |_log2 c—\ 0iTiB ynciad.
2) SIkio x Aiog, 11+ @1 Oinplie unciaa Miog, -1 -+ Tl » TO:

|n,| - Ham(h, )+ Ham(h, ) < Ham(—Amod CR, ) <

< n—|h,|- Ham(h, )+ Ham(h, ),

neA=h; || hy || hs;, npudoMyh; - MOTOIII |_10g 5 c-‘ OiTiBUMCIaA;
h;BKIIIO4aeyce0e0i THUNCIAA TOYNHAIOU 3 |_log 5 c-‘
0iTyTaIoNepIIOrOHYIIS, SKUH3YCTPIHETHCSITICIIS Uog, 115 hy -

CTapmIiOiTH, MO3ATUIIWINACE, TOOTON =, ;Ay.2...Qy, NC€Ay.; -
CTapIIUHOITA,.

HepiBHOCTI OTPHMYIOThCS OUYEBHIHO, BPAXOBYIOUHM, IO,
(aHanoriunoh; y 2)) MOXe MaTH MiHIMAJIbHO MOXUIHBY Bary
Xemminra piBuy0, komuh, =00...0, Ta MAKCHMATbHY MOXKIIHBY

y BHManky h, =11...1, a came !_logg C-‘ .

BUCHOBKHI

Y naniii po0OoTi OYyJIO OIKCAHO CITIBBITHOIICHHS IS
3HAXO/DKEHHS] Bark XeMMiHra OOEpHEHHX 4YHCENl BiJIHOCHO
orepaiiii JojaBaHHs 32 MOYJIEM YHUCEI, SIKi € y3aralbHeHHIMHU
yucen MepceHHa, a came MoxayneM uucia KpeHpemwra Ta
y3arajpHeHoro umcia MepcenHa. OtTpumaHi pe3yiabTaTH
MOXXHa BHKOPHCTOBYBATH JUIS CHpOLICHHS OOYHCIIEHb 3a
MOJYJISIMH IIMX KJaciB uucen y kpunrorpadii ado iHmmx
NMPaKkTHYHAX  peai3alisX, 30KpeMa Uil  y3arajlbHEeHHs
moOyaoBu KpunrocucreMu AJPS3 MeTor po3mIupeHHs Kiacy
MOJIYJIIB, III0 BUKOPUCTOBYIOTHCSL.
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